For a finite group G, let E(G) denote the near-ring of functions generated by the semigroup, End(G), of endomorphisms of G. We characterize when E(G) is maximal as a subnear-ring of
II E(G) E(G) E(G) MAXIMAL AS A SUBNEAR-RING OF
Conversely if G ∼ = Z 3 or G ∼ = (Z 2 ) n , n ≥ 1, then A = Aut(G) acts primitively on G * . For if C ∼ = Z 3 or G ∼ = Z 2 , this is clear. Furthermore, if G ∼ = (Z 2 ) n , n ≥ 2, then any pair of distinct nonzero elements of G can be extended to an ordered basis and so we see Aut(G) is 2-transitive on G * . From above, we get that Aut(G) is primitive on G * .
Corollary II. 4 . Let G be a finite group. The following are equivalent:
i) E(G) is a maximal subnear-ring of M 0 (G);
ii) G ∼ = Z 3 or G ∼ = (Z 2 ) n , n ≥ 1;
iii) Aut(G) is primitive on G * .
It would be interesting and hopefully instructive to have a direct proof of the equivalence of i) and iii) in the above corollary. That is, how does the maximality of E(G) follow from the maximality of the one-point stabilizers Aut(G) x , x ∈ G * ?
III E E E-GROUPS
Recall that an E-group is a group G such that the subnear-ring, E(G), generated by the semigroup, End(G), of endomorphisms of G is a ring. Every abelian group is an E-group and these were the only known examples until the early 1970's. The first examples of nonabelian E-groups were given by Faudree, [5] , in 1971. For more details on the history and some preliminary results, see Section 3 of Malone's expository paper, [10] .
Prior to the discovery of these nonabelian E-groups, A. Chandy [4] characterized I-groups,
i.e. those groups such that the near-rings, I(G), generated by the inner automorphisms of G is a ring. These are 2-Engel groups which, as is known, can be characterized by the property that the centralizer, C G (x), of each element x ∈ G is a normal subgroup of G [15] . Of course one also has A-groups, i.e., those groups G such that the near-ring, A(G), generated by the group of automorphisms, Aut(G) is a ring. For further details on I-groups, A-groups, and E-groups we again refer to Malone's paper, [10] , and to the exposition by Saad and Thomsen, [16] . In their paper, Saad and Thomsen mention that no characterization of E-groups like that of I-groups is known, nor are there any examples of A-groups that are not E-groups. In this section we give such a characterization of E-groups and also give an example of an A-group which is not an E-group.
Suppose G is a finite nilpotent group so G is the direct sum of its Sylow p-subgroups, S p . Since the restriction of each σ ∈ E(G) to S p determines a map in E(S p ), one finds that E(G) ∼ = ⊕E(S p ).
From this we see that, to investigate finite E-groups, it suffices to consider p-groups that are also E-groups. We often refer to such groups as pE-groups.
Our first result in this section is essentially Theorem 3.1 of Caranti, [3] , but without the hypothesis of nilpotence class 2.
Lemma III.1 (Caranti, [3] ). Let G be a finite p-group, p > 2. Then following are equivalent:
Proof. If G is an E-group, then E(G) has abelian addition. Hence each α ∈ End(G), commutes with the identity G. Thus i) ⇒ ii). We conclude by showing ii) ⇒ iii) since the remainder is as in
Adding −a to the left and b to the right on both sides of this equation, we obtain
Because −a and b commute with α(a) and −α(b) respectively,
Adding −α(a) to the left and α(b) to the right on both sides of this equation yields
We note that Jabara ( [7] , Lemma 1a) also realized that part iii) of the above lemma holds without the nilpotence class 2 hypothesis.
Corollary III.2. If G is a finite E-group of odd order, then the center of G, Z(G), is a fully invariant subgroup of G.
The results in Sections 3 and 4 of [3] depend on the above lemma. A study of these sections
show that the results of the lemma are used but not the nilpotence hypothesis of class 2. Thus this hypothesis can be omitted in these results. As an example we now give a (corrected) new proof of Caranti's Theorem 3.6 without the class 2 or exponent p 2 hypotheses.
As usual, we let Aut c (G) :
Proof. Let α, β ∈ Aut(G). Three applications of part iii) of Lemma III.1 give for x, y ∈ G,
(This is essentially the proof given by Jabara [7] , Proposition 3.)
For the second part, suppose α Aut c (G) is an element of order 2 in Aut(G)/Aut c (G) so α 2 ∈ Aut c (G). For any x, y ∈ G, again using (iii) of the above lemma, we get α[
.
Corollary III.4. If G is an E-group of odd order, then for every x ∈ G, C G (x) is a characteristic subgroup of G.
. This shows that C G (x) is invariant under η 2 for each η ∈ End(G). Now let α ∈ Aut(G) and note that α 2 leaves C G (x) invariant. From the above theorem, there exists an odd integer m, say
As mentioned above, I-groups are characterized as those groups G such that C G (x) G, for each x in G, and that no similar characterization of E-groups is known, [10] , [16] . Using the above results and results from Sections 3 and 4 of Caranti, [3] , valid without the nilpotence class 2 hypothesis, we are now able to give this desired characterization.
Theorem III.5. Let G be a finite p-group, p > 2. Then G is an E-group if and only if, for each
so it suffices to consider the case
automorphism of H i can be extended to an endomorphism of G by defining it to be the zero map on H j , j = i and since, by the previous corollary,
invariant under all such endomorphisms of G. Also any η ∈ Hom(G, Z(G)) leaves C G (x) invariant. Now from [3] Theorem 4.3, every endomorphism α of G has the form α = α 1 + · · · + α n + η where
One would now conjecture that the "natural" characterization of A-groups would be "If G is a finite p-group, p > 2 then G is an A-group if and only if for each x ∈ G, C G (x) is a characteristic subgroup of G".
The proof of Theorem III.5 uses a result of Malone, [9] which depends on the construction of a certain endomorphism which need not be an automorphism and so cannot be used directly in a characterization of A-groups. Thus a characterization remains open at this time. However we can answer another query of Saad and Thomsen, [16] .
Theorem III.6. For any prime p, there exists a finite p-group P of nilpotence class 2 and exponent p 2 such that Aut(P ) = Aut c (P ) (and, in particular, P is an A-group) but P is not an E-group.
Proof. The construction, employing a graph to define a presentation, is similar to one first introduced in [6] and subsequently adapted with modifications by several authors. The version used in [14] seems most convenient for our purposes.
Let Γ be the (undirected) graph shown below with vertex set V (Γ) = {v 1 , v 2 , . . . , v 10 } and edge set E(Γ).
Let F be the free group of rank 10 on V (Γ) and define an endomorphism θ of F by
Let π be the permutation (1 2) (3 4) (5 6) (7 8) (9 10) and for any prime p, let
R p ∪ {0} is invariant under θ and so θ induces an endomorphism (which, by a harmless abuse of notation, we also denote by θ) of the quotient group P = F/R F p (where R F p denotes the normal closure of R p in F ).
. . , x 10 is a finite p-group of class 2 and exponent p 2 satisfying the additional relations
Note that in Γ, all vertices have degree at least 2, there are no cycles of length less than 5 and the automorphism group of Γ is trivial. Thus, Γ satisfies the conclusions of [14] Theorem 1 (with G = 1). Also, the permutation of V (Γ) induced by π moves each vertex of Γ outside its closed neighborhood (i.e. to a different and non-adjacent vertex). It follows by the argument of Theorem 2 of [14] that Aut(P ) = Aut c (P ). In particular, P is an A-group since, if x ∈ P and α ∈ Aut(P ),
We conclude this section with a result rather unrelated to the above, but motivated by the recent activity on groups with special covers (e.g., [1] , [2] ). Recall that a cover C of a group G is a collection {H α } of proper subgroups of G such that G = ∪H α . The subgroups H α are called the cells of the cover. In this result we do not require G to be a finite group.
Theorem III.7. A nonabelian group has a finite covering consisting of fully invariant abelian subgroups if and only if G is central by finite and G is an E-group.
Proof. From a result of Baer, (see [13] ), if G has a finite cover of abelian subgroups, then G is central by finite. Now let C = {C α } be a cover by fully invariant subgroups and define R(C) := {f ∈ M 0 (G)|f | Cα ∈ End(C α )}. Since the C α are abelian, computations show that R(C) is a ring contained in M 0 (G). Since the C α are fully invariant, End(G) ⊆ R(C), so E(G) ⊆ R(C) and thus
Conversely, if G is an E-group, E(G)x = {σ(x)|σ ∈ E(G)} is a fully invariant abelian subgroup,
for each x ∈ G. We note that the proof of ii) ⇒ (iii) in Lemma III.1 does not require G to be finite so we also have, from Corollary III.2 that Z(G) is a fully invariant subgroup of G. Hence
is a fully invariant abelian subgroup for each x ∈ G. Since G is nonabelian, each F x is a proper subgroup. Now, following [2] , since G is central by finite, we let T := {x 1 , . . . , x n } be a transversal of
((E(G)x i ) + Z(G)) since each y ∈ G can be written as some x i + w, w ∈ Z(G) and some x i ∈ T . Consequently G has a finite cover by fully invariant abelian subgroups.
We now turn to the question (Q2) of the introduction, that is, if G is an E-group, when is E(G) maximal as a ring in M 0 (G)? We are able only to give a partial answer to this question.
by subgroups H i is bad if for all i, H i ∩ H j |i = j = H i . Otherwise the cover is good.
Theorem IV.2. Let G be a finite nonabelian pE-group, p > 2, of nilpotence class 2. If E(G) is maximal as a ring in M 0 (G), then every cover of G by fully invariant subgroups is bad.
Corollary IV.3. Let G be a finite nonabelian pE-group, p > 2, of nilpotency class 2 such that
Since this abelian group G is non-cyclic, so is On the other hand if G is a finite nonabelian p-group satisfying ( * ) and ( * * ), then G is an E-group.
Moreover ( * * ) implies that every inner automorphism is central so G is of nilpotency class 2.
Corollary IV.4. If G is a finite nonabelian p-group, p > 2 satisfying ( * ) and ( * * ) above then E(G) is not maximal as a ring in M 0 (G). In particular, we mention that the examples of Faudree, [5] , and those examples in Section 2 of Caranti, [3] , satisfy ( * ) and ( * * ). It should be mentioned that, in [3] , Caranti also gives examples of pE-groups not satisfying ( * * ). In this paper he also shows that if an E-group G is not the direct sum of two nonabelian groups then ( * ) is satisfied.
We remark that the authors have no example of a nonabelian E-group, G, for which E(G) is a maximal ring in M 0 (G). This leads to the question, for a finite E-group G, if E(G) is a maximal ring in M 0 (G) must G be abelian?
